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Suppose that, in the real n�dimensional space �n =
{X}, we are given m homogeneous real forms fi(X), i =
1, 2, …, m, where 2 ≤ m ≤ n. In many cases, the convex
hull of the set of values G(X) = (| f1(X)|, …, | fm(X)|) ∈ �m

for integer X ∈ �n is a convex polyhedral set. For ||X|| <
const, its boundary can be calculated using a standard
software program. The points X ∈ �n for which the
values G(X) lie on this boundary are called boundary
points. They are the best Diophantine approximations
to the indicated forms. The computation of them
yields a global generalization of continued fraction.
For n = 3, unsuccessful attempts to generalize contin�
ued fractions have been made by numerous mathema�
ticians.

Let p(ξ) be an integer irreducible (in �) polyno�
mial of degree n and λ be its root. The set of funda�
mental units of the ring �[λ] can be calculated using
the boundary points of a collection of linear and qua�
dratic forms constructed with the help of the roots of
the polynomial p(ξ). The set of fundamental units of
the field �(λ) can be calculated in a similar manner.
Thus far, these units have been calculated only for n = 2
(with the help of usual continued fractions) and for
n = 3 (by applying the Voronoi algorithm).

The present approach generalizes the continued
fraction and yields the best simultaneous approxima�
tions and the fundamental units of algebraic fields for
any n.

1. Let α0 and α1 be positive integers. Their greatest
common divisor can be found using the Euclidean
algorithm of successive division with a remainder:

where the positive integers a0, a1, a2, … are partial quo�

tients. This algorithm decomposes the number α = 

into a proper continued fraction [1], and it can be
applied to any real number α. Lagrange [1, Section 10]
proved that, for quadratic irrationalities α, the decom�
position into a continued fraction is periodic (and
conversely), i.e., starting at some index, the sequence
of partial quotients a0, a1, a2, a3, … consists of a
repeated segment ak, ak + 1, …, ak + t.

Summarizing, the decomposition of a number into
a continued fraction is easy to do, gives the best ratio�
nal approximations to the number, is finite for a ratio�
nal number and periodic for quadratic irrationalities
[1, Section 10], and has properties of almost all num�
bers [1, Chapter III] for cubic irrationalities [2].

Unsuccessful attempts to generalize continued
fractions were made by Euler, Jacobi, Dirichlet, Her�
mite, Poincaré, Hurwitz, Klein, Minkowski, Brun,
Arnold, and many others [3; 4; 5, Section 1.2]. Only
the Voronoi stepwise algorithm [6] works, but it is
rather complicated.

The following generalization of continued fraction
was proposed in [5, 7, 8].

Suppose that, in the n�dimensional real space �n

with coordinates X = (x1, …, xn), we are given m homo�
geneous real forms (i.e., polynomials in variables)
f1(X), …, fm(X), where 2 ≤ m ≤ n. A nonzero integer
point X ∈ �n \0 ⊂ �n is called a minimal point if
there is no other nonzero integer point Y ∈ �n \0 ⊂ �n,
Y ≠ –X, such that

α0 a0α1 α2, α1+ a1α2 α3,+= =
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Computation of the Best Diophantine Approximations 
and of Fundamental Units of Algebraic Fields

A. D. Bruno
Presented by Academician of the RAS B.N. Chetverushkin December 14, 2015

Received December 23, 2015

Abstract—A global generalization of continued fraction that yields the best Diophantine approximations of
any dimension is considered. In the algebraic case, this generalization underlies a method for calculating the
fundamental units of algebraic rings and the periods of best approximations, as well as the identification of
the fundamental domain with respect to these periods. The units of an algebraic field are understood as the
units of maximal order of this field.

DOI: 10.1134/S1064562416030017

Keldysh Institute of Applied Mathematics, Russian Academy 
of Sciences, Miusskaya pl. 4, Moscow, 125047 Russia
e�mail: abruno@keldysh.ru

MATHEMATICS



244

DOKLADY MATHEMATICS  Vol. 93  No. 3  2016

BRUNO

The minimal points are regarded as the best
Diophantine approximations to the set of root spaces
of m forms fi(X). There are other definitions of best
Diophantine approximations associated with various
norms [9, 10]. The consideration of minimal points
goes back to Voronoi [6].

Problem 1. Find all minimal points.
Partial solution of Problem 1. The moduli gi (X) =

| fi(X)| of the forms fi (X), i = 1, 2, …, m, define a map�
ping G(X) = (g1(X), …, gm(X)) of �n into the positive

orthant S =  of the m�dimensional space �m with
coordinates S = (s1, …, sm ): si = gi (X) = | fi (X)|, i = 1,
2, …, m. The integer lattice �n ⊂ �n is then mapped
into a set Z ⊂ S. The closure of the convex hull H of
the set Z\0 is a convex set. All integer points X ∈ �n \0
mapped onto the boundary ∂H of H are called bound�
ary points. They are minimal ones. Possibly, there are
minimal points X whose images G(X) do not lie on ∂H.
However, we search for boundary points X that are a
subset of the set of minimal points.

In what follows, we consider only the case when the
convex set H is polyhedral, i.e., its boundary ∂H con�
sists of vertices, edges, and faces of various dimen�
sions, but does not contain continuous “curved” parts.
In this case, the boundary ∂H can be calculated with
the help of standard software intended for computing
convex polyhedral hulls [11, 12]. This gives an algo�
rithmic generalization of continued fraction to any
dimension. For examples, see [5].

In particular, this makes it possible to compute the

best simultaneous rational approximations , …, 

to real numbers β1, …, βm, where q0, q1, …, qm ∈ � and
fi (q0, qi) = q0βi – qi for i = 1, 2, …, m. Here, m = m
and n = m + 1.

Conjecture. If all f1, …, fm are linear and quadratic
forms, then the boundary ∂H has no curved parts, i.e., is
polyhedral.

2. Let

(1)

be an integer irreducible (in �) real polynomial with
integer coefficients bi. It is associated with the ring
�[λ] of numbers of the form

(2)

with integer coefficients xi, where λ is a root of polyno�
mial (1). Each number (2) is associated with a square
matrix D(ξ) = (dij):

The determinant detD(ξ) is called the norm of number
(2) and is denoted by N(ξ). Numbers (2) having the
norm N(ξ) = ±1 are called units [13, Chapter II].

�+
m
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q0

���
qm

q0

����

p ξ( ) ξn b1ξn 1– … bn 1– ξ bn+ + + +=

ξ λ( ) x1 x2λ … xnλn 1–+ + +=

λiξ λ( ) dijλ
j
, i

j 0=

n 1–

∑ 0 1 … n 1.–, , ,= =

There exists a set of units ε1, …, εr such that any unit
ε ∈ �[λ] can be uniquely represented in the form

(3)

where ai are integers. These units ε1, …, εr are called
fundamental.

Problem 2. For a fixed polynomial (1), find the set
of fundamental units of the ring �[λ].

Solution of Problem 2. Suppose that the irreducible
(in �) polynomial (1) has l real roots λ1, …, λl and k

pairs of complex conjugate roots λl + 1, …, λl + k, ,

…, , where l + 2k = n. Here, l ≥ 0 and k ≥ 0. Con�
sider m = k + l forms

where

By the Dirichlet theorem [13, Chapter II, Section 4,
item 3], for polynomial (1), the number of fundamen�
tal units is r = k + l – 1. In what follows, we assume
that m = k + l ≥ 2 because, if k + l ≤ 1, then r ≤ 0 and,
by the Dirichlet theorem, there are no fundamental
units.

Theorem 1 [13, Chapter II, Section 1, item 2]. For
numbers (2) with X = (x1, …, xn),

Therefore, for all units of form (2),

(4)

Let  be the set of points X ∈ �n with property (4).

For this set (i.e., for X ∈ ) consider constructions of

Section 1, namely, the set  of values

where gi(X) = | fi(X)| for i = 1, 2, …, m; the convex hull

 of the set ; and its boundary ∂ . The boundary

∂  is of dimension m – 1 = r; has no curved parts; and
consists of vertices, edges, and faces.

Theorem 2. All faces of the boundary ∂  are sim�
plices, and G0 = (1, 1, …, 1) is its vertex.

Let Δ be some (m – 1)�dimensional face of ∂
containing the vertex G0 = (1, 1, …, 1), and let R1, …,
Rm – 1 be its edges containing G0.

Theorem 3. Let Gi be another vertex of the edge Ri
other than G0, i = 1, 2, …, m – 1. Numbers (2) for which

ε ε1

a1± …εr

ar,=
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G(X) = Gi, i = 1, 2, …, m – 1, form the set of fundamen�
tal units of the ring �[λ].

Therefore, to compute the fundamental units, on

some bounded set ||X|| < const, X ∈ , we need to cal�

culate a piece of ∂  containing the (m – 1)�dimen�
sional face Δ.

For a unit ε, its norm is N(ε) = ±1. Sometimes, for
even n, only units with a positive norm are required. To
find the basis set of such (quasi�fundamental) units,
following the procedure described, we have to leave

only those points X ∈  for which f(X) = +1 and use
them as described above to obtain a multiplicative
basis. For odd n, every unit ε is associated with a unit
ε' with N(ε') = 1: this is either ε or –ε, i.e., X in (2) is
replaced by –X.

Each number (2) is associated with the matrix

where E is the identity matrix and B is a matrix accom�
panying polynomial (1):

If number (2) is a unit, then the matrix T(ξ) is unimo�

dular and the linear transformation  = T(ξ)X in �n

induces the automorphism
(5)

of the set  into S = . Therefore, each unit ε is
associated with the period T(ε) of the generalized con�
tinued fraction. The number of independent periods is
m – 1. This is a generalization of the Lagrange theo�
rem [1, Section 10], which was proved for n = l = 2 and
k = 0, i.e., m = k + l = 2.

3. Now consider the quotient field �(λ) of the ring
�[λ]. In this field, the coefficients xi in numbers (2)
can be rational numbers. According to [13, Chapter II],
there is a fundamental basis ω1, …, ωn of numbers (2)
over which the field �(λ) is a module; i.e., all numbers
α ∈ �(λ) have the form

(6)

For the computation of a fundamental basis, see
[13, Chapter II, Section 2]. Specifically, units (2) of
this field can have rational coefficients xi. There is a set
of units ε1, …, εr ∈ �(λ) such that all units of the field
have the form of (3). These units are called fundamen�
tal. All constructions and theorems from Section 2 are
valid for them. Only the matrix of the period T(ε) can
have rational elements, but detT(ε) = N(ε) = ±1.
Therefore, the fundamental units of the field can be
found by calculating f(X) on the lattice of numbers (6)

�̃
n

H̃

�̃
n

T ξ( ) x1E x2B … xnBn 1–
,+ + +=

B

0 1 0 … 0 0

0 0 1 … 0 0

...  ... ... ... ...  ...
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⎜ ⎟
⎜ ⎟
⎜ ⎟
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.=

X̃

s̃ i gi X( )si, i 1 2 … m,, , ,= =

H̃ �+
m

α y1ω1 y2ω2 … ynωn, yi �.∈+ + +=

written in the form of (2) with rational xi. The rest of
the computations is the same as for the ring �[λ].For
even n, a multiplicative basis of units with a positive
norm forms a set of quasi�fundamental units.

4. The (m – 1)�dimensional boundary ∂H of the
polyhedral set H is injectively projected onto the posi�

tive coordinate orthant  of the orthant S+ = :
(s1, …, sm – 1, sm) ↔ (s1, …, sm – 1). The logarithmic sub�
stitution hi = lnsi, i = 1, 2, …, sm – 1, H = (h1, …, hm – 1),

where ln means log, injectively maps  to �m – 1.
Moreover, automorphism (5) becomes

(7)

i.e., is a parallel translation. The units of a field or ring
form a multiplicative Abelian group. Therefore, their
logarithms form an additive Abelian group. In �m – 1,
there exists a fundamental domain � with respect to
translations (7) of this group. Let the m�dimensional
vectors Gi (i = 1, 2, …, m – 1) corresponding to the
fundamental units in Theorem 3 have the form Gi =
(g1i, …, gmi). Define

(8)

Theorem 4. In �m – 1 the fundamental domain with
respect to translations (7), (8) is an (m – 1)�dimensional
“cube”

(9)

In computing the boundary of the convex hull of a
set of points, difficulties increase as the number of
points grows. To reduce these difficulties, the compu�
tations can be divided into the following six steps.

Step 1. In the field �(λ), find all units X from the
domain ||X|| < const by calculating the values g(X) at
these X.

Step 2. On the set of units , calculate the bound�

ary ∂  of their convex hull .

Step 3. By Theorem 3, from ∂ , extract a set of
fundamental units represented in S+ by the vertices
G1, …, Gm – 1.

Step 4. By Theorem 4, find fundamental domain (9).
Step 5. Calculate the convex hull of G(X) with

ξ(X) ∈ �(λ) only for those X at which H(X) belong to
fundamental domain (9) and its close neighborhood.

Step 6. Use this part of ∂H to recover the whole
boundary ∂H with the help of the periods Gi, i = 1,
2, …, n – 1, corresponding to the fundamental units,
or translations (7).

Example. Let p(ξ) = ξ3 – 7ξ – 2 and all of its roots
are real: λ1 ≈ –2.489288, λ2 ≈ –0.289168, and λ3 ≈
2.778457. Here, n = m = l = 3, k = 0, and r = m – 1 = 2.
The fundamental basis of the field is given by 1, λ,

and .

S+
m 1– R+

m

S+
m 1–

h̃i gi X( ) hi, i+ln 1 2 … m 1,–, , ,= =

Γi g1iln … gm 1– i,ln, ,( ), i 1 2 … m 1.–, , ,= =

� H μ1Γ1 … μm 1– Γm 1–+ +={ },=

0 μi 1, i≤ ≤ 1 2 … m 1.–, , ,=

X̃

H̃ H̃

H̃

λ λ2+
2
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Step 1. Calculating the values g(Y) at the points ξ =

y1 + y2λ +  with integer yi, we find the units

εi = (y1, y2, y3): ε1 = (0, 0, 1), ε2 = (1, 2, 2), ε3 = (–2,
0, 1), ε4 = (–10, –2, 3), ε5 = (5, 2, –2), and ε6 = (0,
2, –1).

Step 2. Computing the convex hull of the corre�
sponding points G0 and Gi = G(Y), we obtain its six
two�dimensional faces. Their logarithmic projections
onto the plane (h1, h2) are shown in Fig. 1. Here, the
logarithmic projections of the edges are depicted by
direct segments, although they are curvilinear. Note

that εi + 3 = , i = 1, 2, 3.

Step 3. Any pair εi and εj ≠  (i, j = 1, 2, …, 6)
forms a set of fundamental units.

Step 4. For the pair ε1, ε3, the fundamental domain
� is the quadrilateral with vertices 0, ε1, ε2, and ε3.

Step 5. The logarithmic projection of the boundary
of the convex hull of values G(Y) over Y ∈ �3 with
H(Y) ∈ � is shown in Fig. 2. Here, there are two new
vertices: δ1 = (0, 1, 1) and δ2 = (1, 1, 1). At them,
g(Y) = 2. There is a quadrilateral face with vertices 0,
δ1, ε2, and δ2.

Step 6. Translating the fundamental domain of
Fig. 2 through integer linear combinations of loga�

y3 λ λ2+( )
2

��������������������

εi
1–

εi
1±

rithms of known units, we obtain the projection of the
entire polyhedron ∂H onto the plane (h1, h2), which is
shown in Fig. 3. This example was taken from Voronoi
[6, Section 59, Example], where two pairs of funda�
mental units ε2, ε3 and ε2, ε4 were found, but there were

h2
ε4

ε5

1

1 h1

ε6

ε1

ε2

ε3

O

Fig. 1. Logarithmic projections of the vertices, edges, and

faces of the polyhedron ∂ . The projections of units close
to zero are shown. The projections of the edges are recti�
fied.

H̃

h2

h1

ε3

–1

–1

δ2

ε2

δ1

ε1

O

Fig. 2. Logarithmic projection of the polyhedron ∂H onto
the fundamental domain.

h2

h1

ε3 1

1
δ2

δ1

O

ε2

ε1

Fig. 3. Logarithmic projection of the polyhedron ∂H onto
a part of the plane h1, h2.
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no analogues of our plots. Actually, the boundary ∂H
in this example is calculated as the convex hull of G(Y)
over Y ∈ �3, because the dimension of the problem
(n = 3) is rather low. Nevertheless, the partition into
steps is shown, which can be useful for high dimen�
sions n and m.

Remark. Here, we assume that each root of polyno�
mial (1) is not a unit.
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